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Abstract. We prove that the fermionic form of the generating function of the 
Gromov-Witten invariants of the resolved conifold is a Bogoliubov transform 
of the fermionic vacuum; in particular, it is a tau function of the KP hierarchy. 
Our proof is based on the gluing rule of the topological vertex and the formu- 
las of the fermionic representations of the framed one-legged and two-legged 
topological vertex which were conjectured by Aganagic et al and proved in our 
recent work. 



1. Introduction 

In general it is an unsolved problem to compute the Gromov-Witten invariants 
of an algebraic variety in arbitrary genera. However, in the case of toric Calabi- 
Yau thrccfolds (which are noncompact). string theorists have found an algorithm 
called the topological vertex [2] to compute the generating function of both open and 
closed Gromov-Witten invariants based on a remarkable duality with link invariants 
in the Chern-Simons theory approach of Witten [17 [ 118 ] . A mathematical theory 
of the topological vertex has been developed in [T2] . 

The topological vertex, which is the generating function of the Gromov-Witten 
invariants of C 3 with three special D-branes, is a mysterious combinatorial object 
that asks for further studies. On the A-theory side, the topological vertex can 
be realized as a state in the threefold tensor product of the space A of symmet- 
ric functions. In this representation its expressions given by physicists [2] or by 
mathematicians |12j are both very complicated. It is very interesting to under- 
stand the topological vertex from other perspectives. In [15], the topological vertex 
is related to a combinatorial problem of plane partitions. In [2] it was suggested 
that the topological vertex is a Bougoliubov transform via the boson-fermion cor- 
respondence. This point of view was further elaborated in [I] and extended to the 
partition functions of toric Calabi-Yau threefolds. Indeed, by the local mirror sym- 
metry [H [7], on the B-model side, one studies quantum Kodaira-Spencer theory 
of the local mirror curve. By physical derivations, the corresponding state is con- 
strained by the Ward identities, giving the constraints. (See also [5] where the 
partition functions are expected to be annihilated by certain quantum operators 
obtaining by quantized the local mirror curves.) In this formalism it is natural to 
use the fermonic picture, and a simple looking formula for the fermionic form of 
the topological vertex under the boson-fermion correspondence was conjectured in 
P]. The ADKMV conjecture is directly related to integrable hierarchies: The one- 
legged case is related to the KP hierarchy, the two-legged case to the 2-dimensional 
Toda hierarchy, and the three-legged case to the 3-component KP hierarchy (see 
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Remark 12. lj) . The one-legged and the two-legged cases can also be seen directly 
from the bosonic picture [19], but the three-legged case can only be seen through 
the fermionic picture. 

The topological vertex can be used to compute Gromov-Witten invariants of 
toric Calabi-Yau 3-folds by certain gluing rules. There is a standard inner product 
on the space A, and the gluing rule is essentially taking inner product over the 
components corresponding to the branes of gluing (see § §3.1l for exact formulation). 
So the resulted generating functions are states in multifold tensor products of the 
space A. In general, they have very complicated combinatorial structures. 

In our recent work [3] , we proposed a generalization of the ADKMV conjecture 
to the framed topological vertex which we refer to as the framed ADKMV conjec- 
ture. Note that it is important to consider framing when we consider gluing of the 
topological vertex. We gave a proof in [3] of the framed ADKMV conjecture in 
the one-legged case and the two-legged case, and derived a determinantal formula 
for the framed topological vertex in the three-legged case based on the Framed 
ADKMV Conjecture. It remains open to give a proof of this conjecture for the full 
three-legged topological vertex. 

Provided that the framed ADKMV conjecture holds, then a natural question is 
whether or not the generating functions of the Gromov-Witten invariants of general 
toric Calabi-Yau threefolds are Bogoliubov transforms in the fermionic picture. It 
was also conjectured in pQ that it is indeed the case. However, it seems very diffi- 
cult to prove this conjecture directly by boson-fermion correspondence and standard 
Schur calculus, even for the very simple case of the resolved conifold with a single 
brane. In [16] the closed string partition function of the resolved conifold is related 
to Hall-Littlewood functions and a fermionic represenation is obtained by the de- 
formed boson-fermion correspondence. Based on the method in [1], it was shown 
in [11] that the B-model amplitude of the mirror space of the one-legged resolved 
conifold is a Bogoliubov transform. It also seems difficult to generalize the method 
in pQ and [11] to prove this conjecture in general. 

In this paper we will tackle this problem using a different strategy. We will 
start from the framed ADKMV conjecture, and then consider the gluing rule of the 
topological vertex as presented in [2] |12] in the fermionic picture. In this work we 
will focus on the framed one-legged resolved conifold. But the method here can be 
easily modified to the cases of the total spaces of vector bundles 0(p) © 0(— 2 — 
p) — > P 1 , p G Z. The treatment for general toric Calabi-Yau threefolds will be 
presented in a separate paper 0]. The main result of the present paper is that 
the generating function of the Gromov-Witten invariants of the resolved conifold 
with one brane and arbitrary framing is a Bogoliubov transform of the fermionic 
vacuum; in particular, it is a tau function of the KP hierarchy. 

The rest of the paper is arranged as follows. After reviewing some preliminaries 
and fixing notations in §2, we rewrite in §3 the generating function of Gromov- 
Witten invariants of the framed one-legged resolved conifold as an gluing (see that 
section for precise meaning) of two fermionic states which are Bogoliubov trans- 
forms, based on the fermionic representation of the framed one-legged and two- 
legged topological vertex. In the final §4, we prove that the gluing of an arbitrary 
two-component Bogoliubov transform and an arbitrary one-component Bogoliubov 
transform is also a Bogoliubov transform. The result in §4, combing with §3, leads 
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directly to the result that the fermionic representation of the generating function 
considered is a Bogoliubov transform. 
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2. Preliminaries 

In this section, we recall briefly some well-known concepts and results that will 
be used in following sections. 

2.1. Partitions. A partition /j, of a positive integral number n is a decreasing finite 
sequence of integers fix > • ■ ■ > > 0, such that = \i\ + ■ ■ ■ + fxi = n. The 
following number associated to \i will be useful in this paper: 

/ 

(1) Hp = (m((h — 2i + 1). 

i=l 

It is very useful to graphically represent a partition by its Young diagram. This 
leads to many natural definitions. First of all, by transposing the Young diagram 
one can define the conjugate /i* of /i. Secondly assume the Young diagram of \i has 
k boxes in the diagonal. Define m, = fii — i and m — — i for i = 1, ■ • • , k, then 
it is clear that mi > • • • > rrife > and n\ > ■ ■ ■ > > 0. The partition fi is 
completely determined by the numbers mi, ni. We often denote the partition fi by 
(mi, . . . , mfcjni, . . . , rife), this is called the Frobenius notation. A partition of the 
form (m|n) in Frobenius form is called a hook partition. 

For a box e at the position in the Young diagram of fi, define its content 
by c(e) = j — i. Then it is easy to see that 

(2) /c M = 2^c(e). 



Indeed, 



e£/i i=l J=l i=l 

A straightforward application of ([3]) is the following: 



Lemma 2.1 (e.g see [3]). Let \i = (mi, m2, . . . , m/.|rii, ri2, . . . , rife) be a partition 
written in the Frobenius notation. Then we have 



(3) w M = mj(mj + 1) - 7ij(nj + 1). 

In particular. 



i=l i=l 



(4) K (mi,m 2 ,...,irifc |ni,n 2 , ■■■,ik) ^ ] K (mj |n») • 

i=l 
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2.2. Schur functions and skew Schur functions. Let A be the space of sym- 
metric functions in x = (xi , X2 , • ■ • ) ■ The inner product on the space A is defined 
by setting the set of Schur functions as an orthonormal basis. For a partition /j. let 
8^ := s^(x) be the corresponding Schur function in A. Given to partitions fi and 
u, the skew Schur functions s^/u is defined by the condition [13) 

for all partitions A. This is equivalent to define 

A 

where the constants c^ x are the structure constants (called the Littlewood- Richardson 
coefficients) defined by 

(5) S ^A=X^A S 7- 

7 



We often meet some specialization of symmetric functions. Let q p := (q 1 ^ 2 1 q 3 ^ 2 , 
It is easy to see that 

(6) P^ P ) = qn/2 X _ q - nn = 

where [n] = q n l 2 — q~ n / 2 . A very interesting fact is that with this specialization the 
Schur functions also have very simple expressions. 

Proposition 2.2. [22] For any partition /z, one has 
where h(e) is the hook number of e and [n] = q n l 2 — q~ n l 2 . 

2.3. Fermionic Fock space. We say a set of integers A = {ai, 02, ■ • • } C Z + |, 

a% > a,2 > • ■ • , is admissible if it satisfies the following two conditions: 

1. Z_ + ^\A is finite and 

2. A\Z_ + I is finite, 

where Z_ is the set of negative integers. 

Consider the linear space W spanned by a basis {a\a £ Z + i}, indexed by 
half-integers. For an admissible set A — {ai,a 2 ,...}, we associate an element 
A e A°°W as follows: 

A = ai A 02 A • ■ • . 
Then the free fermionic Fock space T is defined as 

T = spanjyl : A C Z + — is admissible}. 

One can define an inner product on F by taking {A : A C Z + | is admissible} as 
an orthonormal basis. 

For i = fti ACI2A"' £ J, define its charge as: 

|A\z_ + i|-|z_ + ivi|. 
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Denote by J 7 ^ 1 ' C T the subspace spanned by A of charge n, then there is a 
decomposition 

An operator on T is called charge if it preserves the above decomposition. 
The charge subspace has a basis indexed by partitions: 

1 3 21-1 21 + 1 

(7) \n) := Ml - - A fi 2 - - A • • • A W — A — A • • • 

where /i = (jtix, - - - ,/xj)i i- e -> I A*) = A*j where A M = (/ij - i + §)i=i,2,.... If M = 
(mi, • • • , mk\ni, • • • , n/.) in Frobenius notation, then 

, , i « 1 113 "1 "1 

(8) = mi + — A • • ■ A mk + - A-- A- - A - • • A - - A - • • A-n x - - A - • • . 

In particular, when [i is the empty partition, we get: 

13 
10) -^A...^. 

It will be called the fermionic vacuum vector. 

We now recall the creators and annihilators on J- . For r G Z+ i, define operators 

ij) r and -0* by 



MA) 



(— 1) ai A ■ ■ • A afc A r A at+i A ■ • • , if at > r > at+i for some k, 



1 0, otherwise; 

r r {A) = 



(— l) fc+1 ai A • • • A Ofc A • • • , if afc = r for some fc, 
0, otherwise. 



Under the inner product defined above, for r£Z| 1/2, it is clear that ip r and ip* 
are adjoint operators. The anti-commutation relations for these operators are 

(9) [lp r ,1p*]+ := "0r'0s + VCVV = S r , s id 

and other anti-commutation relations are zero. It is clear that for r > 0, 

(10) V-r|0) = 0, Vv*|o)=o, 

so the operators {ip-r, V'rl^o are called the fermionic annihilators. For a partition 
/t = (7711,7712, mfc|77i, 7i2, it is clear that 

k 

(11) im) = (-i) ni+n2+ - +Tifc n^+ic„ s _i io). 

So the operators {f/v, V , l r }r>o are called the fermionic creators. The normally 
ordered product is defined as 



ipript, r > 0, 

—Iprlpr, T < 0. 



: ^> r t/j* := 

In other words, an annihilator is always put on the right of a creator. 
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2.4. Boson-fermion correspondence. For any integer n, define an operator a n 
on the fermionic Fock space T as follows: 

Let £> = A[z, be the bosonic Fock space, where z is a formal variable. Then 
the boson-fermion correspondence is a linear isomorphism $ : — > 23 given by 

(12) ui-)-z m (Q m |eS-=i^ ,a "«) 1 ueJ W 

where |0 m ) = — | + m A — | + m A • • ■ . It is clear that <J> induces an isomorphism 
between J^ ' and A. Explicitly, this isomorphism is given by 

(13) | M ) <— ► v 

The boson-fcrmionic correspondence plays an important role in Kyoto school's 
theory of integrable hierarchies. For example, 

Proposition 2.3. If r 6 A corresponds to \v) G i*^ ', then t is a tau-function 
of the KP hierarchy in the Miwa variable t n = ^r- if and only if \v) satisfies the 
bilinear relation 

(14) A\v) ® <P*\v) = 0. 

Remark 2.1. A state \v) € J 7 ^ ' satisfies the bilinear relation (TTJI if and only if it 
lies in the orbit GLoojO). This is equivalent to say that \v) can be represented as 

|«)=exp( M rs : :)\0) 

r,sGZ+l/2 

for some coefficients M rs . There is also a multi-component generalization of the 
boson-fermion correspondence which can be used to study multi-component KP 
hierarchies [TP] , 

3. Gromov-Witten invariants of the framed one-legged resolved 
conifold and its fermionic form 

3.1. Generating function of Gromov-Witten invariants of the framed 
one-legged resolved conifold. By the theory of topological vertex [2] [12], the 

Gromov-Witten invariants of any toric Calabi-Yau threefold can be computed from 
the topological vertex by certain explicit gluing process. As a special case, the 
Gromov-Witten invariants of the framed one-legged resolved conifold can be com- 
puted by gluing the framed one-legged topological vertex and the framed two-legged 
topological vertex. 

The one-legged topological vertex with framing a, in terms of Schur functions, 
is given by 

(is) 4 a) (y) = E9 aK " 7 %(9 p My) 

and the two-legged topological vertex with framings (<xi, 02), in terms of skew Schur 
functions, is given by [19] [22] 

(16) zf"" !, (x ; y) = ^ 9 M1, " + ' !S " Ev/,(9 p K/,(0] M*K(y), 
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where q = e~ 9s and g s the coupling constant , x = (xi, X2, • • • ) and y = (j/i, y%, ■ • • ), 
and the partitions fj,, v encodes boundary conditions of the holomorphic curves we 
considered in C 3 . 

By the theory of the topological vertex, the generating function of the Gromov- 
Witten invariants of the resolved conifold with one branc of framing a is given 

by 

(17) Z»(x) = £ (^ClMQ^Cl^j 8r(x) 

where Q = —e~ l and t is the Kahler parameter of the P 1 in the resolved conifold , 
and 

ClM) = q^^ »n*h(lf)»vfr,{!f), 

(18) n 
C\ = sM P )- 

Let Zq = Y^n s fj.(l p )Q^^ s n t (q p )i it is the generating function of the closed 
Gromov-Witten invariants of the resolved conifold. We are interested in the nor- 
malized generating function Z a (x) = Z a (x)/Zo, which is the generating function 
of the open Gromov-Witten invariants of the famed one-legged resolved conifold. 

From now on, we will view Q as a formal variable, Zq as a formal power series of 
Q, and Z a (x) and Z a (x) as formal power series of Q with coefficients in the space 
of symmetric functions (with parameter q). 

3.2. Fermionic representation of the generating function. According to the 
boson- fermion correspondence (fTB"]) . the element V in the fermionic Fock space T 
corresponding to the normalized generating function Z a (x) defined in the previous 
subsection is 

(19) V = J2 ( £c2»QMci t /Z J | M ) 



For simplicity, for an integer m > 0, we denote m + 1/2 by m and —m — 1/2 by 
— m. The main aim of the present paper is to prove the following 

Theorem 3.1. The element V defined as above is a Bogoliubov transform of the 
vacuum in J- ' . In other word, for m,n > 0, there exist certain coefficients R m n as 
formal power series of Q, such that 

(20) F = eX P ( Rmn^mi>-n)\0) 

m,n>0 

where |0) is the vacuum vector in T . In particular, Z a (x) is a tau function of the 
KP hierarchy in the Miwa variables t n = p "^ x . 

It seems very difficult to prove Theorem 13.11 by standard Schur calculus. The 
starting point of the proof here is the formulas of the fermionic representation of 
the framed one-legged and two-legged topological vertex which were conjectured in 
PQ and proved in our recent work [3]. 
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Under the boson- fermion correspondence (fT3|) . the element 6 J- correspond- 
ing to the framed one-legged topological vertex (y) is 

(2i) t^E^'VOI/*} 



and the element y^ a ' L,a ^ g <g J 2 corresponding to the framed two-legged topo- 
logical vertex zlf' 1 ' ' 2 ' (x; y) is 

(22) u 2 ( — 2) = e K 1+iy ° 2 " Ev/,(gOWO) lM> ® W 



where and J-2 are two copies of J 7 . 

On the two-component fcmionic Fock space J-i®J-2, define for i = 1, 2 operators 
and ,r£Z+i. They act on the i-th factor of the tensor product as the 

operators ip r andip* respectively, and we use the Koszul sign convention for the 

anti-commutation relations of these operators, i.e., we set 

(23) = = = o 

for i ^ j and r, s 6 Z + |. 

Note that the charge subspace (J 7 ! ® ^-"2)^°^ of Ji (g> J" 2 has a natural decom- 
position as 

(24) ( j- l8 ^ 2 )(o) = (J -(™) 0j -(-«) ) 



For an element W € ® -T^)*- ', we denote by W° the projection of to the 
component T[ ^ <S> with respect to this decomposition. 
The main result proved in [3] is the following 



Theorem 3.2. For m, n > and i,j = 1, 2, there exist coefficients A mn = A mn (a) 
and Al^ n = A l ^ ln (a\,a2) such that 

y i (Q) =CX P ( E A n n(o)^mV'-n)|0> 

m,n>0 

(25) / 

y 2 (Ql ' a2) = cxp( E E A«„( ai ,a 2 )^in)|0i2) 

V ij'=l,2m,n>0 



where IO12) = |0i) (8 |0a) *s ifte vacuum vector in T\ g Jj. 
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The coefficients A mn and A mn in Theorem [321 can be given explicitly (see [l][3]): 

A mn (a) = (_l)™ g (2a+l)(m(m+l)-"("+l))/4 



(2oi+Dm 


(>" + !)-( 


2a 2 + l)n 


> + l) 




4 






(2a 2 +Dm 


(m+l)-( 


2ai+l)7n 


> + D 




4 






(2a!+l) m 


( m + l)-( 


2a 2 + l)n 




4 



[m + n+ l][m]![n]!' 

min(m 

^a 1 ti) m |T.- t -i)-^.2ti)"(" + l) , 1 \ ^ 

A% n (a 1 ,a 2 ) = (-l) n q * + 6 £ 

i=o 

A^ n (a 1 ,a 2 ) = (-l) n q * + 6 £ 

1=0 
in(m,n) 

t aiti)m| mt i ) - l M 2 + i)nH.ti; , 1 

A% n ( ai ,a 2 ) = (-!)», . + 6 g [ m - q i[„-qr 

min(m,n) _I|ml( m+ „_h 

A^(ai,a 2 ) = -(-!)"« J ~» £ [m -,]![„_. q. ■ 



[m - Z] 


\[n- 






m+n 


-0 


[m - Z] 


![n- 


qi 






-0 



Let V = Z y e J 7 , define 
(26) F/ = ^|Q|H V (^)lM) 



as a formal power series of Q with coefficients in J- . We view V as an element in 
T\ and V/ an element in T 2 . By the definition of the inner product on T and (fT7| . 
it is clear that 

(27) F=(y 2 ^°),y 1 ') 

where the inner product is taken on the J- 2 component. 

The following lemma, which shows that V{ is also a Bogoliubov transform of the 
fcrmionic vacuum, will be used in our proof of Theorem 13.11 



Lemma 3.3. The element V{ is a Bogoliubov transform of the fermionic vacuum, 
i.e, it can be represented as 

(28) V( = eM £ KnM-rM, 

in , n > 

where the coefficients 

(29) A' mn = Q m +" +1 g5(«(«+i)-™(™+i))A m „(0). 

Proof. Let \i = (mi, • • • , m,k\ni, • • • , n k ) be a partition in Frobenius notation. Then 
by Lemma |2~TI and hence s p t{q p ) = q 2 s At (<? p ) by Proposition ^. 21 By 
©, (HH) and Thcorcml331 one can show that Sp(q p ) = det(A minj (0)) kxk . Note that 

ImI = £?= 1 ( m i+ n i+ 1 )- If we take = Q m +"+ V ( ™ ( " +1) ~ m(m+1)) ^mn(0), then 
we have V (l p ) = det(A' min . ) kxk , and hence V{ = exp(£ m „> A^„^ m ^i n )|0). 

□ 

By (|27p , Theorem 13.21 and Lemma 13.31 it is clear that Theorem 13.11 is a direct 
corollary of Theorem 14.11 that we will prove in 2) 

Provided Theorem 13.11 it is easy to determine the coefficients R mn appearing in 
([20)) . They are given by 



(30) R mn = £ Cf mln)u (a)Q^ S „ t (qe)/Z . 
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But it is not our aim here to study various simple forms of R m n- 

4. Gluing of Bogoliubov transforms 

Wc have mentioned the notion of (one-component) Bogoliubov transform in the 
previous section. Recall that a vector V in the 2-fold fcrmionic Fock space J-\ <8> T 2 
is called a Bogoliubov transform (of the fcrmionic vacumm) if it is given by the 
vacuum in J-\ <8> • • • <8 J~ n acted upon by an exponential of a quadratic expression 
of fermionic creators. In other word, it can be represented as 

2 

(31) V = exp(J2 E ^m«|0) 

— 1 m,n>0 

where |0) is the vacuum in T\ ® T 2 and Al^ n are certain coefficients possibly with 
parameters. 

In this section, we study properties of fermionic states which are constructed by 
gluing (to be defined later) one-component and two-component Bogoliubov trans- 
forms. If we glue an arbitrary one-component Bogoliubov transform and an arbi- 
trary two-component Bogoliubov transform, then we get a state in the fermionic 
Fock space T . Our aim here is to prove that the state we get is also a Bogoliubov 
transform of the fermionic vacuum. In particular, it is a tau function of the KP 
hierarchy. 

Let 

(32) y i =CX P (^ E A ^m^n)|0l2) 

i, j— 1,2 m,n>0 

be a two-component Bogoliubov transform in Ti and 

(33) V 2 = exp( Y, A mn ^ 2 _* n )\0 2 ) 

m,n>0 

be an one-component Bogoliubov transform in J- 2 , where A l ^ n and A mn are arbi- 
trary coefficients maybe with parameters. 
Define 

(34) y 2 =exp(^ Q m+n+1 A mn ^ 2 _* n )\0 2 ) 

m,n>0 

where Q is a formal variable and V 2 is viewed as a formal power series of Q with 
coefficients in T 2 . 

The following inner product 

V = (cxp( Y A% n fy 2 _* a )\0 2 ),ex P ( Y Q m+n+1 A n «^?-n)|0 a > 

(35) y m,n>0 m,n>0 

= <0 2 |exp( Q m+n+1 A mn ^_ a ^)eM ]T ^ n O-n)|0a) 

m,n>0 m,n>0 

is well defined as a formal power series of the formal variable Q. 

Define V = (Vi,V 2 ), where the inner product is taken on the T 2 component. 
Then V is a formal power series of Q with coefficients in T\ . 
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Theorem 4.1. Let V and Vq be as above, then the formal power series V = V /Vo 
of Q with coefficients in T\ is a Bogoliubov transform of the fermionic vacuum 
Oi) G T\, i.e., for m,n > 0, there exist formal power series R m n of Q, such that 

(36) F = exp( Rmn^-n)\0l)- 

m,n>0 

From the proof of this theorem, we will see why Vo appear naturally as a factor 
of V. The following lemma, which is well-known in Lie theory, will be used in the 
proof of Theorem |47 



Lemma 4.2. (See e.g [6],) Let A and B be two linear operators on a vector space 
H . Assume both e A and e B make sense. If the commutator [A, B] = AB — BA 
commutes with both A and B . Then 

(37) e A e B = e^e B e A . 
Proof. (Proof of Theorem 14. 1|) Recall that 

V- = (cxp( £ A«„VL^-„)|0i 2 ),exp( £ Q m+n+1 A mn ^* n )\0 2 }). 

i.j — 1,2 m,n>0 m,n>0 

To make the notations simpler, let 

(38) a*= Yl 4LV4x& 

m,n>0 

(39) A = Q m+n+1 A mn ^ 2 -* n . 

m,n>0 

Then one can rewrite V as follows: 

(40) V = exp A 11 (0 2 1 cxp(^*) exp(.4 21 ) exp(^ 12 ) exp(^ 22 ) |0 2 > |0i> 

As usual, our strategy here is to move the annihilators to the right using the anti- 
commutation relations (|9]). By ((9|) and (|23]l. one has 

(41) [A\A^]=B^ = £ B^_ m ^ n , 

m,n>0 

where 

(42) B^ in = ^ Q r+m+1 A rrn A 2 ^ n 

r>0 

are formal power series of Q which are divisible by Q. Note that the right-hand 
side commutes with both A* and A 21 , hence by Lemma \A. 2 1 we get 

cxp(^*) cxp(^ 21 ) = cxp(^ 21 ) cxp(^*) cxp(2? 21 ). 

By the same method, one can show that 

(43) exp(6 21 ) exp(^ 12 ) = exp(^ 2112 ' 1 ) exp(^ 12 ) exp(S 21 ), 
where 

(44) .A 2112 ' 1 = [B 2 \A 12 ] = - £ ^AZB^ m ^ n , 

m,n>0 r>0 

and 

(45) exp(i? 21 ) exp(^ 22 ) = exp^ 21 ' 1 ) exp(A 22 ) exp(S 21 ), 
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where 

(46) A 2 ^ = [B 2 \A 22 ] = - E E AZBll^X- 

m,n>0 r>Q 

Now wc have 

V = exp(A n + ^ 21124 )(0 2 | cxp(^ 21 ) cxp(^*) cxp(^ 12 ) cxp(^ 22 ) cxp^ 21 ' 1 ) cxp(B 21 )|0 2 )|0i). 
Note B 21 \0 2 ) = and (0 2 |-4 21 = 0, we have 

(47) y-cxp(^ n +^ 2112 ' 1 )(0 2 |cxp(^*)cxp(^ 12 )cxp(^ 22 )cxp(^ 21 ' 1 )|0 2 )|Oi). 
Similarly, one can show that 

(48) exp(A*) exp(^ 12 ) = cxp(^ 12 ) exp(A*) exp(2? 12 ), 
where 

B™ = [A\A™} = E 

m,n>0 

which commutes with both A* and A 12 , where 

(49) B% n = -Y,AZQ n+r+1 A nr 

r>0 

are formal power series of Q which are divisible by Q. 

(50) exp(£ 12 ) exp(A 22 ) = exp(„4 22 ) cxp^ 12 ' 1 ) exp(£ 12 ), 
where 

(51) -4 12 ' 1 = [B 12 , -4 22 ] = E E BZAH^n, 

m,n>0 r>0 

and 

(52) exp(2? 12 ) exp^ 21 ' 1 ) = cxp^ 1221 ' 1 ) cxp^ 21 ' 1 ) cxp(2? 12 ), 
where 

(53) A^ = [S 12 ,^ 1 ] = E (E^^^Ln 

m,n>0 r>0 

commutes with both B 12 and A 21 ' 1 . Because (0 2 |„4 12 = and B 12 |0 2 ) = 0, 
(0 2 | exp(„4*) exp(^ 12 ) exp(^ 22 ) cxp(„4 2M )|0 2 ) 
= (0 2 | cxp(^ 12 ) cxp(^*) exp(i3 12 ) cxp(„4 22 ) cxp^ 21 - 1 )^) 
= (0 2 | cxp(^*) cxp(„4 22 ) cxp^ 12 ' 1 ) exp^ 1221 ' 1 ) cxp^ 21 - 1 ) exp(£ 12 )|0 2 ) 
= exp(^ 1221 - 1 )(0 2 |exp(^*)cxp(^ 22 )cxp(^ 12 ' 1 )cxp(^ 2ia )|0 2 ). 

Because the operators .A 22 , A 12 ' 1 and A 21,1 commute with each other, we now have 

V = cxpiA 11 + A 2112 ' 1 + A 1221A )(0 2 \ cxp(A*) ex P (A 21 ^) cxp^ 12 - 1 ) cxp(A 22 )|0 2 )|0i). 

Recall A 2122 ' 1 , A 12 ' 1 , A 21 ' 1 arc divisible by Q, and A 1221 ' 1 is divisible by Q 2 . By 
repeating the above procedure TV-times one gets: 

N 

V = e X p(^ u + E(^ 2U2J +^ mi ' j ) 

3=1 

(0 2 | exp{A*) exp(A 21 - N ) exp(A 12 ' N ) exp(A 22 ))|0 2 ) |0 X ), 
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where A 2121 ' j , A 12 ' j , A 21 ' j and A 1221 ' 1 is divisible by Q j . Therefore, by taking 

N -> oo, 

OO 

(54) V= (0 2 |ex P (X)cxp(^ 22 )|0 2 ) ■ exp(^ n +^](^ 2112j + ^ 1221j )|0 1 ). 

This completes the proof of Theorem 4.1. □ 
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